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Abstract

In the paper we construct exact analytical three-dimensional solution for transient heat
transfer in a double-fin assembly with two fines attached on either sides of an isolated wall.
Heat exchange takes place at non-homogeneous environment.

Introduction

Extended surface is used specially to enhance the heat transfer between a solid and
surrounding medium. Such an extended surface is termed a fin. The rate of heat transfer is
directly proportional to the extent of the wall surface, the heat transfer coefficient and to the
temperature difference between solid and the surrounding medium. Finned surfaces are widely
used in many applications such as air conditioners, aircrafts, chemical processing plants, etc.
Finned surfaces are also used in cooling electronic components.

In [1] is considered performance of a heat exchanger consisting of rectangular fins
attached to both sides of plane wall. In [1] work one-dimensional steady-state double-fin
assembly problem is compared with the single-fin assembly. In paper [2] mathematical three-
dimensional formulation of transient problem for one element with one rectangular fin is
examined, reduce it by conservative averaging method [3] to the system of three heat
equations. Such transient problem for heat equation is interesting for intensive steel quenching

[4].
1. Mathematical Formulation of 3-D Problem

In this part we will consider full mathematical
three-dimensional formulation of transient problem for
one element of system with two rectangular fins. We
will use following dimensionless arguments, parameters
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Fig. 1. One element of system with B+R B+R

two rectangular fins

175



_h,-(B+R) 5 :h0~(B+R)ﬂ :h-(B+R)ﬂ _h-(B+R)

1611 ko 4 13 kl ko k

and temperatures:

- V(xy,2,t)-T,(t) V,(x,y,2,t)-T,(t)
B = A e i

\;1()(’ y,z,t)—Ta(t)
T)-T.0)

- o(x,y,2,t)-T,(t) - @(x.y,2,t)—T, (t)
B I TN N (R

Vi(x,y,z,t)=

a

We have introduced following dimensional thermal and geometrical parameters:
Ko, K,k - heat conductivity coefficients for the wall, right fin and left fin, h(h,)- heat exchange

coefficient for the fin (wall),2B— fin width (thickness), L — right fin length, L — left fin
length, D- thickness of the wall, W — walls’ width (length), 2R — distance between two fins

(fin spacing). Further, (:)o(x.y,z,t) is the surrounding (environment) temperature on the left

(hot) side (the heat source side) of the wall, ®(x y,z,t) - the surrounding temperature on the
right (cold - the heat sink side) of the wall and the fin. Finally,

Vo(x, Y, z,t),\?(x, y,Z,t) ,\;1(x, y,z,t) are the dimensional temperatures in the wall, right fin and
left fin where T,(T,) are integral averaged environment temperatures over appropriate edges.

The one element of the wall (base) is placed in the domain {x [0,5] y €[0.1] z €[0,w]}. The
rectangular right fin in dimensionless arguments occupies the
domain {x € [5,5 +1], y €[0,b], z € [0,w]}. The rectangular left fin in dimensionless arguments

occupies the domain {x e [-1,,0] y €[0,b], z € [0, w]}.

We describe the temperature field by functions\_/(x, Y,2,t),Vo(X,y,2,t),Vi(x y,2t) in the
wall and fins
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We assume heat fluxes from the flank surfaces (edges) and from the top and the bottom
edges
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Such type of boundary conditions (BC) allows us to make the exact reducing of this
three-dimensional problem to two-dimensional problem by conservative averaging method [3].
Realizing the integration of main equation by usage of the BC (1) we obtain

oA, oYV, 1 0V

aXZO + 8y20 +Q0(X' y’t)= % 6t0 ’

RVANGLY/ 10V

Y +Q(x, YJ):?E' @
VALY 1 0V

8X21 +W;+Q1(X’ y,t)= Ea_tl

We add to main partial differential equations (2) needed BC as follow
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We assume them as ideal thermal contact between wall and fins- there is no contact
resistance
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We have following BC for the right fin
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We have following BC for the left fin
oV,
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Finally, we must add initial conditions for the heat equations (2)
Voo =Vo (6 ¥) - V], =Vo(xy) Vil =V (xy). 8)

2. Exact Solution of the Simplified 2-D Problem

We would like to explain the main idea of solution for the 2-D case of periodical
system with constant dimensionless environmental temperatures 9, =1(©, =T,)
and 9=0(® =T,). We neglect additionally the heat fluxes from flank edges. In this particular
case we have Q,(x,y,t)=Q(x,y,t)=Q(x,y,t)=0 in (2). We consider U(x,y,t) is the
temperature of the right fin, U,(x,y,t) temperature of the wall and U,(x,y,t) is the

temperature of the left fin. The BC (1) is assumed to be homogeneous. Fluxes in BC (3), (6)
and (7) are also homogeneous. Initial conditions are still standing in the form (8).

The conjugations conditions on the line between the wall and the left fin are still
standing in the form (4) for the functions U,(x,y,t) andU,(x, y,t). The linear combination of

the equations (4) together with first BC from (3) allow us rewrite them as following BC on the
left hand side of the wall:

oy,
(W ﬂlluoj

In the similar way using the linear combination of the equations (5) together with
second BC from (3) we rewrite following BC on the right hand side of the wall:

i%_ul, 0<y<b,0<x<9¢

:ﬂllFl(Ov y’t)’ Fl(xa y,t)= Pz OX
x=0+0 -1, b<y<1
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__+UJ 0<y<b0<x<o

ouU
( ax" +ﬂ21Uoj = BuF(8.y:t), Fy(xyt)= (ﬂzz X
x=0-0 0, b<y<1.

On the assumption that the functions F,(0,y,t), F,(x,y,t) are given we can represent
solution for the wall in very well known form by the Green function:

Uo(x,y.t)= [} [USE.n)8y(x, v, £, t)déeln,
—agﬂllrle O,U,T)GO(X, y,O,n,t—r)dndr+ €)]
vaZfuf [ Fy(6.1,7)G,(x,y,8,7,t~)dndz.

Unfortunately the representation (9) is unusable as solution for the wall because of
unknown functions F,(0, y,t), F,(x, y,t), i.e. temperature in the fins U(x,y,t) and U,(x, y,t).

That is why we will pay attention to the solution for the fins now. In the same way we can
rewrite the conjugations conditions in the form of BC on the left side of the right rectangular
1 oU
~BoFG Floy) -2

fin:
ouU
[& - j
x=6+0 21

Then, similar as for the wall we can represent solution for the right fin in following
form:

—UOJ,OSySb,5£x£5+I.

U y.t)=[ " [UEmBlxy.&mt)dedn -

b
_azﬂzz,EL F(517717)G(X, y,5,77,t—z')d77dr.

(10)

Finally, we rewrite the conjugations conditions in the form of BC on the right side of

the left rectangular fin:
:ﬂlBFZ(O’ y!t)l Fz(o,y,t):—

(5
x=0+0 11

So, solution for the left fin we can represent in following form:

1 aU,

0!

Ul X, y,t :J‘O jbulo f,ﬂpl(xy Y-i,ﬂlt)dﬁdﬂJr
alﬂl3jj X, ¥,—l,mt- T)dﬂd1'+ (11)
+a1ﬂ13j._[ 0771T)Gl(x y,0,77,t— T)dndf+a1:313'[_.. X y,&,b,t— T)dUdT

The expression of the Green functions, eigenfunctions and transcendental equations for
in (9), (10), (11) can see in [5].
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Using solutions (9), (10), (11) at points (&, y,t),(0, y,t), functions F,(0,y,t), F,(x, y,t),

F,(0,y,t), F(x, y,t) and some notations we obtain system of Fredholm integral equations of
2" kind:

RS y.)=-a'[ [ F(E.7.00(.y. 6.1 ~o)imr +Cyfy.t)
RO.y.1) =4 [ [ 707,000, y.0,m.t -2z +C,(y.1)

F(5, y,t) = —a§ &JZJ.O Fl(O, n, 1')1“0(5, y,0,7,t— z')d ndz+ 12

+a°II 5771 5y577t T)d?]dT+C(yt)
FZ(O,y,t :_aO.LLFl O,U,T)FZ(O,y,0,77,t—r)d77dz'+

t b
K O35t

When solved system of integral equation (12) we immediately can obtain the
temperature distributions between fins and wall and then get solutions for (9), (10), (11).

Conclusions

We have constructed several exact three dimensional analytical solutions for a one
element of periodical system with rectangular fin where the wall and the fin consist of
materials which have different thermal properties. These solutions are in the form of Fredholm
integral equation of 2" kind and has continuous kernel.
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