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Abstract

The article features the system of two partial differential equations, which describes
the distribution of temperature T and moisture C in porous media depending on the physical
parameters. The temperature and moisture change development (dynamics) in time during
moisturising and drying processes is under examination. The methodology, developed in the
current research, allows reducing the system of the partial differential equations to a single
PDE of diffusion in relation to C and T.

Introduction

Let us explore the diffusion process by emitting or absorbing heat through pores of solid
objects, i.e. moisture transfer and heat transfer. Adequate equations can be added up by
characterising the diffusion process of two substances in porous media — one replacing the
other, notwithstanding the thermal effects. When constructing numerical algorithms, it is
possible to add additionally fixed source functions to the right side of the process
characterising equation.

A typical example might be package fabric fibres with air spaces, where water penetrates the
fibres through diffusion or moisturising and drying of a wood plate (material).

1. Mathematical Model

If we accept a linear relevance between temperature 7 and moisture M , a balance equation in
the package under research can be written [1]: M = const + oC — oT ,

where C is the concentration of water vapour in air spaces, M - amount of moisture absorbed
by unit mass of fibre, o,® - positive constants. Thus the equation governing the movement

of vapour can be written [1]

a(DAC 162)1 0z =moC 1ot +(1—m)poM [ ot , (1.1)

where z € [0, L], 2L - thickness of layer, due to the symmetry the process is investigated only
in the one half of the layer. D is the diffusion coefficient for moisture in the air, m is a
fraction of the total volume of the package occupied by air, 1—m the total volume of the
package occupied by fibre of density p, (if m =1 then the classic equation of diffusion is
obtained).

For taking out the heat conductivity equation, it is assumed that the rate at which the
temperature of the element changes is determined by conduction of heat through air and fibres
and the heat evolved when fibres absorbed the moisture [1]:

cpdT | 8t = 0(KOC 1 8z)/ bz + qpoM | ot , (1.2)
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where ¢ - the specific heat of the fibres, p - the density of the package, expressed as mass of
fibre per unit overall volume, g - the heat evolved when water vapour is absorbed by the

fibres, K - the overall heat conductivity of the package.
Supposing that all the coefficients are constants and eliminating M from (1.1), (1.2) one
obtains the system of PDE with respectto 7', C:

D"0*T 107> =0T | ot —voC | ot
(1.3)

DEA*C 132 =aC 10t —AoT 1ot

where D" = K /(p(c + qw)), D = D /(m+(1—-m)p,c) are the corresponding coefficients of
diffusion and concentration of  water vapour, v=qol/ (c + qa)) and
A =((1-=m)wpy)/(m+(1-m)pso) - coefficients at the source elements dC/dt, 6T /0t in the

above - mentioned equations. It is possible to reduce the system of PDE (1.3) by adding to its
right side the source functions — the two given functions f,(z,¢) and f,(z,7):

{DTGZT/azz =T /6t —vOC [ 0t + f,(z,1) (14

D€3>C 107> =8C 10t — AT 10t + f,(z,1)

At first let us consider for z € [0, L] the boundary conditions of the first type if z=0, i.e.

given T C wvalues. If z=L, than due to the symmetry conditions we find
0T /0z=0C/0z=0.

2. Reduction of the System of PDE in Two Independent Differential Equations

Consequently [1], in the case of the boundary conditions of the first type, by multiplying the
first equation of the system (1.4) with ratios/D”, but the second - with r/D¢ (r,s -

temporarily unknown constants), by adding two mentioned equations we obtain one PDE of
diffusion with respect to V = sT + rC in the form

10V 102> =0V Jot+ s /(D" )f, + r (D ), @.1)

where ' is the corresponding coefficient of diffusion (,u > 0).
It is possible to obtain two independent PDE with respect to functions V, and V,

u 0%V, 10z =0V, lot+g,, (2.2)
w0V, 1077 =0V, /ot + g, (2.3)

where V, =C-m,T, g, =s,f, /(rlDT,ul)+ (Dc,ul)_lf2 ,

V,=T-mC, g,=rnf, /(rszDCyz)Jr(DTyz)flfl, m, =(1—,ulDC)/v, m, :(1—,uzDT)/v,
w=d +d,/d), w=(d —d,/d), d,=D"+D, d,=+(D" ~D) +44vD' D"

d,=2D"D". If V,,V, have been calculated, considering the corresponding boundary

conditions and the initial conditions, t it is possible to find out, T =y'(V, +m)V,),
C:771(V1+mzvz)’ y=1=mm,.
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3. Analytical Solution in the Infinite Layer ( L =o)

Considering the initial — boundary problem in the infinite layer —half — plane, z [0, oc]
oV 10t = u 0V 102> —g(z.1), V| _,=1,V|_ =0,V| =0 (3.1)

it is possible to obtain its solution, if g(z,7) =0 in the analytical form [3, 4]:
Vi) =1-erf (e /21, (3.2)

where erf(y)=2/ N L ’ e’gzdg is the integral of probability (erf (<) = 1).

Investigating the moisturising process (C|t:0 = T|r:0 =0, C|Z:0 =1, T|Z:0 =0, and
C|z=x = T|z=x =0), we obtain V1|z=0 =1, V1|z=x =0, Vl|,=0 =0 and the solution corresponding
the equation (3.1) is in the form V,(z,1) =1—erf (e, ). e, = 22/, /(2N7).

Analogically, V2|Z:0 =-m,, V2|Z:OC =0, V2|r:0 =0 and the solution is

V,(z,1) = —m,(1=erf(e,)), e, = 231, /(2.

Thus T(z,7) = 7' (V,(z.0) + mV,(z.1)) = m,y " (erf (e,) — erf (e,)), (3.3)
Czt) =y (Vi(zt) +mVy () =1+ [y =1)erf (e,) =y erf (e)) .

Investigating the drying process with given external temperature (CLZ0 =1, T|r:0 0
Cl.,=0.T|_,=1and C|_, =1, T|_ =0) we obtain V,(z,1) = =m, +(1+m, )erf (e, ),
V,(z,t) =1=(m, +1)erf(e,).

Thus T(z,2) =1+ (m, + 1)y~ (erf (e,) —erf (e,)) - erf (e,), (3.4)
C(z,t)=erf(e,)+ (m2 + 1)}/’1 (erf(el) — erf(ez))

4. Numerical Solution in the Finite Layer by Solving Separate Equations

Solving the initial — boundary problem for the diffusion equation (3.1) in the finite layer
(L #oc) with the boundary conditions V| o= =V, = const, 0V / 6z|z , =0 and with the initial
condition V| o= (p(z) we are using thé exphclt dlfference scheme (DS) with the second
order of approx1mat10n

4.1)

V=Vt V] -2V V) - 1gl
V=V VI, =V VY =0(z,), i=2,Nl, m=1M

where V.™is the approximated value of the V(z,t,), z, = (i— l)h , Nh=L, t, =mr,
N1=N +1, h,r are the corresponding steps of space and time, N,M are the number of the
above - mentioned steps, th =7 /h”. The (DS)’s (4.1) stability condition is [2]: 7 = A* ko 12,
k, <1 (further as usually k, =1/2). The (DS)’s (4.1) data processing with corresponding ¢
and V, is performed by MATLAB. Taking into account the values of V, and V, , it is possible
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to calculate the values of temperature 7 and concentration of moisture C in the grid points
of (DS) using connections (3.3) and (3.4).

5. Numerical Solution in the Finite Layer by Solving the System of PDE for (T ,C )

Applying the grid method, it is possible to solve directly both of them partial differential
equations of the system (1.4) in the matrix — in vector form

oW /ot =M 0*W 1922, W, =W,. oW /éz|,,=0, W], o= ¢(2), where
~ 1 D" vD° . T T
M, = 1y [ZDT e j - the second order matrix, W = (T C) . W, =(T, CO) ,

o= (¢1 o, )T - vectors — columns. Then the vectors — difference equations (4.1) are in the
form

VI =Wt N (W - 2W WL =2 N, oy

where W," is the approximated value of W(z,,t,), W' =W,, Wy, =W, W’ = ¢(z,).

In the moisturising problem 7, =0, C, =1, ¢, =¢, =0, and in the drying problem 7, =1,
C,=0,¢,=0,¢=1.

The stability condition of (DS) (4.1) is in the form

r< (hzuz\?}lulkoj/z (5.2)

If the present boundary conditions are not of the 1-th type, then the only possible way is
numerical modelling of the initial system of (PDE) (1.3).

If the following conditions in the moisturising process are carried out C|t=0 :T|,=0 =0,
C|Z:0 =1, (8T/ azlzzoz 0 (the external temperature is not fixed), then for (DS) the
approximation of the Ist equation of (PDE) (1.3) for grid point z=0 (i = 1) in the
formT,"*" = T" + 2th - DT(TZ’" - Tl’") has to be solved additionally. The stability condition for
these (DS) is in the form 7 < h’k, /(2DT), and it is valid according to the condition (5.2)

HMIH >D7.
6. The Evaluation of Numerical Results

Applying the mathematical system MATLAB, the numerical results for the moisturising and
drying processes have obtained, f, = f, =0, D =10", D" =107, L=1/2, M =50000,
N =50, h=1/100, if Av =0.9, then x, = u,, (see appendix Table 1., 2., and Figure 1., 2.:
the thickness of the material is marked off on the horizontal axis, but moisture concentration
and temperature of material in dimensionless values in the fixed time moment on the vertical
axis). The moisturising process is characterized by the increase in moisture concentration C,;

and C at constant temperature (Tab. 1. 1st row, Fig. 1., 2. on the left side, C,,, T, - values

inf
in the infinite media, C, T - values in the finite media). As the values of parameter A
decrease and the values of parameter vincrease, alongside with the increase in moisture

concentration due to the absorption of water vapour, the increase in the temperature in the
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interior part of material was observed (Tab. 1. 1. - 4. row), besides it is more characteristic for
lesser A and greater v values. Rapid increase of temperature is more characteristic
exclusively during the initial phase of the moisturising process, after prolonged time the
temperature increase transfers to the more distant layers of material. Contrary to the
moisturising process analysed above, the drying process with lesser 4 values and greater v
values proceeds traditionally — the time ¢ is characterised by the increase of temperature and
decrease of moisture concentration in the internal part of material (Tab. 1. 5., 6. row, Fig. 1.,
2. on the right side). On the contrary, with increasing the 4 and with decreasing v values
alongside with the increasing the temperature in the internal part of material, there was
observed also the increasing of moisture concentration in the border of the material. It is
especially specific in the beginning of the drying process. Figure 2. allows comparing the
moisturising and drying processes in the thick (theoretically — infinite) and in finite domain.

In the moisturising process the increasing of the moisture concentration more intensive occurs
in the finite domain (Tab. 2., 1-th row - C > C,; ). In the drying process both decreasing of

1

the moisture concentration (Tab. 2., 2-th row - C, ;. > C) and increasing of the temperature
(Tab. 2., 2-throw - T > T, ;) intensive occurs in the finite domain.

6. Conclusions

The article contains numerical modelling of the system of two partial differential
equations, which describes the distribution of temperature T and moisture C in porous
medium depending on the physical parameters.

The obtained results can be used for:

1) Investigating dynamics of the moisture concentration and temperature change in time
during the process of moisturising and drying of various porous materials as the process
investigation is often related to technical difficulties and the process change dynamics can not
be always characterised by measurements (for instance, high temperatures, continued process
in time, etc.); 2) For modelling various porous materials depending on their characteristics
and thus creating new materials with the desirable characteristics; 3) For investigating the
increase of temperature during the moisturising process; 4) For investigating the effect of
increase in moisture concentration during the drying process; 5) For investigating the effect of
the increase in temperature and moisture concentration in relation to the physical and
chemical parameters of the material under research.
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Appendix

Tab. 1. Moisturising and drying parameter values and numerical results
in a thick layerif z=5

Parameters A 14 t T, C.

1. Moisturising (Fig. 1) [ 9.0 | 0.1 | 50000 | 0.0059 0.0537
2. Moisturising 1.0 | 0.9 | 50000 | 0.0532 0.0537
3. Moisturising 3.0 1 0.3 | 50000 | 0.0177 0.0537
4. Moisturising 0.1 9.0 | 50000 | 0.5316 0.0537
5. Drying 0.1 | 9.0 | 50000 | 0.0537 1.0054
6. Drying (Fig. 1) 0.1 9.0 | 500000 | 0.1708 0.9010

Tab. 2. Moisturising and drying parameter values and numerical results in an
infinite and finite layer if z = 0.5

Parameters A |v |t T, Ci T C
1. Moisturising 0.5]1.0[593.80.0612 | 0.1688 | 0.00723 | 0.3112
2. Drying 0.5]0.1 | 1181 |0.7442 | 0.9418 | 0.9932 | 0.6163
,DC=0.000010 DT=0.000100 t= 50000.0 lambda= 9.0 nu= 0.1 ,DC=0.000010 DT=0.000100 t=500000.0 lambda= 0.1 nu=9.0
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Fig. 1. Dependence of temperature and moisture concentration on parameters
and during the moisturising (left side) and drying (right side) process in a
thick domain
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Fig. 2. Dependence of temperature and moisture concentration on parameters and
during the moisturising (left side) and drying (right side) process in a finite domain
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